We consider a general class of varying coefficient mixed models where random effects are introduced to account for between-subject variation. To address the question of whether a varying coefficient mixed model can be reduced to a simpler varying coefficient model, we develop one-sided tests for the null hypothesis that all the variance components are zero. In addition to the purely null-based standard quasi-score test (SQT), we propose an extended quasi-score test (EQT) by constructing estimators that are consistent under both the null and alternative hypotheses. No assumptions are required for the distributions of random effects and random errors. Both SQT and EQT are consistent for global alternatives and local alternatives distinct at certain rates from the null. Furthermore, the asymptotic null distributions are simple and easy to use in practice. For comparison, we also adapt the one-sided score test (SST) in Silvapulle and Silvapulle (1995) and the likelihood ratio test (LRT) in Fan, Zhang, and Zhang (2001) . Extensive simulations indicate that all proposed tests perform well and the EQT is more powerful than SQT, SST, and LRT. A data example is analyzed for illustration.
Introduction
Varying coefficient models (VCM) are widely used to analyze longitudinal data because of their flexibility and relative simplicity (Hoover et al. (1998) ; Wu and Chiang (2000) ). To deal with between-subject variation and withinsubject correlation, various forms of varying coefficient mixed models (VCMM) have been proposed recently (Wu and Liang (2004) ; Zhang (2004) ; and Wu and Zhang (2006) ). One important question is whether a VCMM can be reduced to a VCM since inference for a VCM is much simpler and potentially more efficient. In many applications testing homogeneity is of primary interest (Jacqmin-Gadda and Commenges (1995) ; Commenges and Jacqmin-Gadda (1997) ). The problem can be cast in a framework of hypothesis testing on variance components of random effects. The goal of this article is to develop robust, powerful and easyto-use tests for the null hypothesis that all variance components are zero.
Consider the VCMM . . . , m, j = 1, . . . , n i , (1.1) where y ij is the observation from subject i at time point t ij , x ijl 's are covariates for the fixed effects with time varying coefficient functions f l (·)'s, Z ij = (z ij1 , . . . , z ijq ) T is a q-dimensional covariate vector for the random effects, b i 's are i.i.d. q-dimensional random effects with mean zero and covariance σ 2 D 1 , and ij 's are i.i.d. random errors with mean zero, variance σ 2 , and finite fourth moment κ = E 4 ij . We assume that ij 's are independent of b i 's, and f l (·)'s are twice-differentiable functions on a finite interval. Without loss of generality, we take the interval to be [0, 1] .
Model (1.1) is a natural extension of the VCM where the random effects are introduced to model between-subject variation. The coefficient functions f l (·)'s are modeled nonparametrically using smoothing splines. When the b i 's are normally distributed and the y ij 's belong to an exponential family, (1.1) is a special case of the generalized linear mixed models with varying coefficients proposed in Zhang (2004) . Since the fixed-effects component is a time-varying coefficients model and the random-effects component is a parametric model, (1.1) may also be regarded as a time-varying coefficients semiparametric mixed effects model as defined in Chapter 9 of Wu and Zhang (2006) . Note that normality assumptions were made in Wu and Zhang (2006) , and they did not consider inference about variance components. In this paper we propose estimation and inference methods for VCMM.
We concentrate on testing the hypothesis that all variance components are zero. This has not been studied for the VCMM. Many hypothesis testing methods have been developed for various parametric and nonparametric mixed models. In particular, Lin (1997) and Zhu and Fung (2004) developed score tests for variance components in a generalized linear mixed model (GLMM) and a semiparametric mixed model, respectively. Both tests considered two-sided alternative hypotheses on variance components. Often, variance components are known to be non-negative which leads to a one-sided alternative hypothesis (Verbeke and Molenberghs (2003) ). Some existing one-sided tests can be found in Silvapulle and Silvapulle (1995) and Silvapulle and Sen (2005) When distributions of the random effects and random errors are known, a common approach is to construct the LRT. For example, Stram and Lee (1994) applied the theory in Self and Liang (1987) to linear mixed models with normality assumptions on both the random effects and random errors.
In this article we develop quasi-score tests for one-sided alternative hypothesis. We first propose an SQT that uses estimators of parameters that are consistent under the null and inconsistent under the alternative. We then propose an EQT by constructing estimators that are consistent under both the null and alternative hypotheses. We show that both SQT and EQT are consistent for global alternatives and sensitive to local alternatives converging at certain rates to the null. Furthermore, the quasi-score test statistics asymptotically follow distributions of maximums of several standard normal random variables. Consequently, these tests are easy to use in practice. Other than moment conditions on random effects and random errors, no assumptions are made on their distributions. Construction of consistent estimators, in particular for the fourth moment of random errors κ, is technically challenging. The proposed consistent estimators for the moments of random errors are of interest in themselves. For comparison, we also adapt the one-sided score test (SST) in Silvapulle and Silvapulle (1995) and the LRT in Fan, Zhang, and Zhang (2001) . Since nonparametric components appear in both the null and the alternative hypotheses in our setup, extension of the test in Stram and Lee (1994) is difficult and beyond the scope of this paper. Simulations indicate that the EQT is more powerful than SQT, SST, and LRT.
The paper is organized as follows. In Section 2, we derive estimates for the parameters and nonparametric functions in a VCMM. In Section 3, we construct quasi-score tests for one-sided hypothesis and present their asymptotic properties. We also present the SST and LRT in this section. Simulations results are reported in Section 4. The application to a data set is presented in Section 5. Section 6 gives some conclusions. Some lengthy notations, regularity conditions, sketch of proofs, and brief derivations are deferred to the Appendix.
Estimation
We rewrite model (1.1) in matrix form. 
We model the f l (·)'s using natural cubic smoothing splines (Wahba (1990) ; Green and Silverman (1994) ). Specifically, we use the value-second derivative representation in Green and Silverman (1994) to represent coefficient functions f 1 , . . . , f p .
Note that (2.1) is a nonparametric model where the vector f is part of the valuesecond derivative representation rather than a parameter. We assume that the number of knots tends to infinity as the sample size tends to infinity. This assumption is implied by condition C1 in Appendix B.
The covariance matrix of b is σ 2 D, where D = diag(D 1 , . . . , D 1 ). Here we develop estimates for f 1 (·), . . . , f p (·), σ 2 , and D. We note that our estimation methods are robust in the sense that they do not require specifying distributions for random effects and random errors. For fixed D, as Lin and Zhang (1999) , Gu and Ma (2005) , and Wu and Zhang (2006) , we estimate f 1 (·), . . . , f p (·) and b by minimizing the penalized least squares Yandell, and Raynor (1986) , it can be shown that the solutions of f l (·)'s belong to finite dimensional spaces. Thus, (2.2) reduces to
where
, λ l 's are smoothing parameters, and K l are the non-negative definite smoothing matrices defined in (2.3) of Green and Silverman (1994) . The solutions to (2.3) arê
where V = I n + ZDZ T . We construct moment-based estimators of D 1 and σ 2 aŝ When D = 0, which corresponds to a VCM, we havê
where H λ =X(X TX + ΛK)X T . The estimatorσ 2 0 is consistent under the null and inconsistent under the alternative (Lemma 2 in Appendix C).
Smoothing parameters λ 1 , . . . , λ p are crucial to the performance of the spline estimators. We apply generalized cross-validation (GCV) to select these smoothing parameters in simulations and data analysis. Specifically, the GCV estimates of smoothing parameters are minimizers of
As in Fan and Huang (2005) , the same smoothing parameters are used for constructing estimators under both the null and the alternative hypotheses.
Tests
When making inference for variance components, it is often the case that these variances are known to be non-negative. One-sided test should be used in these situations (Verbeke and Molenberghs (2003) ). In this section we assume that the diagonal of D 1 is a linear function of θ = (θ 1 , . . . , θ d ) with θ i ≥ 0, and D 1 = 0 if θ = 0. Thus, we consider the one-sided hypothesis
When all diagonal elements of D 1 are free parameters, one may set θ to be these diagonal elements. The above formulation is more general and allows certain relationships among diagonal elements of D 1 . For example, θ may represent distinct diagonal elements when some diagonal elements are equal. The nonnegativity constraint on θ is used in the construction of one-sided tests, while the information that D 1 is a non-negative definite matrix is ignored. Our construction of test statistics is motivated by arguments based on extended quasi-likelihood. Conditional on b, the extended quasi-likelihood is (Nelder and Pregibon (1987) )
The marginal extended quasi-likelihood is
where F is the distribution of b,q
, and the residual Ω contains the third and higher order terms of b.
We derive test statistics based on approximating the extended quasi-likelihood using the first two terms in (3.2). This approximation is appropriate for the normal case since R is of o( θ ). In the general situation, R may not be of o( θ ). We emphasize that both extended quasi-likelihood and its approximation are used for motivating test statistics only, neither of them is required in the theoretical development.
It is easy to verify that the i th element of 
Remark 1. (i)
Up to a scalar constant, M n0 in (3.4) is the same as the efficient information matrix I θ of θ in Zhu and Fung (2004) . (ii) The form of quasiscore U θ (f, σ 2 , 0) is first computed under the assumption that the off-diagonal elements of D 1 are known. This quasi-score is used to construct the test statistics for the general case where the off-diagonal elements may be unknown. We note that the assumption about the off-diagonal entries was used for test statistics construction rather than for theoretical development. Specifically, conclusions in Lemma 1 and the theorems hold when unknown off-diagonal entries are replaced by their estimates. We can construct a quasi-score test based on Lemma 1. Note that M n ≡ {2σ 4 M n0 +(κ−3σ 4 )M nz }/(4σ 4 ). The dependence of M n on σ 2 and κ is expressed explicitly as M n (σ 2 , κ). Estimators of σ 2 are given in Section 2. We construct two estimators for κ, κ 0 , and κ, where the definitions of κ 0 and κ are given in Appendix A; κ 0 is consistent under the null and κ is consistent under both the null and alternative (Lemma 3 in Appendix C).
We now consider a one-sided test as in Verbeke and Molenberghs (2003) and Bolfarine and Valenca (2005) . From Lemma 1, extending one-sided test based on univariate normal distribution to the multivariate case, we consider the one-sided test statistic
where l i is the d-dimensional vector with the i th element being 1 and all other elements being 0. Since T n0 in (3.5) is constructed using estimators that are consistent under the null, the test based on T n0 is referred to as the standard quasi-score test (SQT). Note thatσ 2 0 is inflated when the alternative is true (Lemma 2). Thus using such an estimator may deteriorate the power of the test; see relevant discussions in Chen, Härdle, and Li (2003) and Koul and Song (2008) . The following test statistic is then derived by replacing f, σ 2 , and κ with estimators that are consistent under both the null and the alternative,
The test statistic T n is referred to as the extended quasi-score test (EQT). It is easy to see that the α upper quantile C α of the asymptotic distribution is the 1 − (1 − α) 1/d upper quantile of the standard normal distribution.
To investigate the power of the proposed SQT and EQT, we consider a sequence of alternative hypotheses indexed by n as H An : θ = c n θ 0 for some fixed nonzero and non-negative vector θ 0 . As n → ∞, H An is a global alternative when c n is bounded away from zero or a local alternative when c n converges to zero. 
Remark 2. Condition C.3 in Appendix B implies that the m i s are nonnegative and that there exists at least one m i > 0. Consequently the mean of the asymptotic distribution of T n is positive under H An and large values of T n support H An . The asymptotic null distributions of T n0 and T n do not depend on convergence rates of the alternatives to the null. In addition, based on Conditions C.3 and C.6(i), we have α 0 = 1/2 when q = 1. In fact, α 0 = 1/2 is the key for C.3. Thus the tests T n0 and T n can both detect the local alternatives approaching the null at rates up to root n.
For comparison, we now adapt the score-test in Silvapulle and Silvapulle (1995) and LRT test in Fan, Zhang, and Zhang (2001) . Following the argument in Silvapulle and Silvapulle (1995) we have the SST statistic
where Uθ(f, σ 2 ,θ) = ∂l a /∂θ with l a defined in (3.3),θ includes all free parameters in D 1 , and is the parametric space ofθ,
, respectively. Note that the first part of SST is the standard two-sided score test statistic.
Following arguments in the proofs of Lemma 1 and Theorem 3, under H 0 and HÃ n :θ = n −1/2θ 0 for some fixed nonzero vectorθ 0 , we have
T with D 0 the covariance matrix corresponding toθ 0 . Applying the results in Silvapulle and Silvapulle (1995, p.180 ) the asymptotic null distribution of the SST is a mixture of χ 2 −distributions
where A is the approximating cone of defined in Section 4.7 in Silvapulle and Sen (2005) As pointed out by Silvapulle and Sen (2005) the exact computation of this distribution is difficult. The critical value is usually computed by Monte Carlo (Silvapulle and Sen (2005, p.78) Fan, Zhang, and Zhang (2001) , we define the LRT statistic as
whereD is the MLE of D. We note that the LRT in Fan, Zhang, and Zhang (2001) was not initially designed for testing for variance components in VCMM. Unlike theirs, we estimate nonparametric functions using smoothing splines and test hypothesis about variance components. Theoretical properties and asymptotic null distributions of the LRT are beyond the scope of the current article. The Bootstrap method can be used to determine the critical value of the LRT. An alternative approach to constructing a LRT is to use the connection between smoothing splines and linear mixedeffects models (Wang (1998) ; Liu and Wang (2004) ; Crainiceanu et al. (2005) ). This alternative approach merits future research.
Simulations
We conducted simulations to evaluate the finite sample performance of the SQT and EQT, and to compare them with the SST and LRT. Data were generated from the model The null hypothesis for this setting is H 0 : θ = 0. We considered three sample sizes m = 50, 75, 100 and repeated the simulation 500 times. Cubic Bsplines were used to estimate the f l (·) s; the smoothing parameters were selected by the extended GCV method; the significance level was set to be 0.05.
Critical values of SQT and EQT are calculated from their asymptotic distributions, the critical values of SST are calculated by the recommended Monte Carlo method (with 10,000 replication) in Silvapulle and Sen (2005) according to the asymptotic distribution, and the critical values of LRT are calculated by the bootstrap method (with 2,000 the bootstrap sample size). The estimates for the LRT are computed using the EM algorithm in Laird and Ware (1982) and Laird, Lange, and Stram (1987) . Powers of all four tests are listed in Tables 1  and 2 . We conclude that all four tests performed well: type I errors were close to the nominal level and powers approached 1 quickly. Power increased with the increase of variance components and/or the increase of sample size m. As expected, the EQT was more powerful than SQT, SST, and LRT. No test was uniformly better between SQT and SST. The LRT did not perform better than others in the normal case for the following possible reasons: the LRT was not initially designed for testing for variance components in VCMM; the smoothing parameters were not selected to optimize the performance of LRT as in Fan, Zhang, and Zhang (2001) . Further research on LRT is necessary. It is interesting to note that, even though derived under normality assumptions, the LRT performed well for non-Gaussian case; this agrees with the comments made in Fan, Zhang, and Zhang (2001) .
To further investigate the performance of EQT and SQT, we conducted another simulation with bivariate random effects Table 3 . Type I errors got closer to the nominal level 0.05 with the increase of sample size. The EQT was more powerful than SQT.
To further evaluate the accuracy of asymptotic distributions for the EQT and SQT tests, we computed their distributions with unknown parameters calculated from the simulated data. Figure 1 shows the theoretical and asymptotic Table 1 null distributions for normal errors. As expected, as m increases, the asymptotic distributions get closer to the theoretical distributions. Furthermore, as suggested by Theorem 1, the densities for the one-dimensional case are symmetric Table 3 . Powers of EQT and SQT in the two-dimensional case with normal random errors. and the densities for the two-dimensional case are skewed.
Application
We analyzed a subset of the Multi-Center AIDS Cohort Study that includes repeated measurements from 283 homosexual men who were infected with HIV during the period between 1984 and 1991. Not all subjects were observed at a common set of time points due to missed visits and random infection time. The number of repeated measurements per subject ranged from 1 to 14, with a median of 6 and a mean of 6.4205. The number of distinct measurement time points was 59. Further details can be found in Kaslow et al. (1987) As did Wu and Chiang (2000) and Huang, Wu, and Zhou (2004) , we investigated the effects of cigarette smoking, pre-HIV infection CD4 percentage and age at HIV infection on the mean CD4 percentage after the infection. Let t ij be the time in years of the j th measurements from subject i after HIV infection, y ij be the i th subject's CD4 percentage at time t ij , x ij1 be smoking status (1 if the i th subject always smokes cigarettes and 0 if he never smokes cigarettes), x ij2 be the i th individual's centered age at HIV infection computed by subtracting the sample average age at infection from the i th subject's age at infection, and x ij3 be the i th subject's centered pre-infection CD4 percentage computed by subtracting the average pre-infection CD4 percentage of the sample from the i th subject's actual pre-infection CD4 percentage. We fit the VCMM the same as those in Wu and Chiang (2000) and Huang, Wu, and Zhou (2004) : effects of smoking and age of HIV infection are not statistically significant, the baseline CD4 percentage of the population depletes over time with a rate that slows down gradually, and pre-infection CD4 percentage is positively associated with high post-infection percentage, which effect does not change over time.
We checked whether the VCMM (5.1) could be reduced to a VCM by testing the hypothesis H 0 : θ 1 = θ 2 = 0. The SQT, EQT, SST and LRT statistics were SQT = 40.95, EQT = 42.15, SST = 2479.26, and LRT = 914.18, with Pvalues approximately zero for all tests. With the null hypothesis of homogeneity rejected, we find the VCMM useful for predicting subject-specific trajectories.
Conclusions
We have proposed and compared four one-sided tests for the null hypothesis that all variance components are zero in a VCMM. All tests performed well in simulations, with the EQT more powerful than SQT, SST and LRT. The SQT, EQT and SST are robust in the sense that they do not require specifying distributions for random effects and random errors. The LRT test performed well even when the distributions for random errors and random effects were nonGaussian. The asymptotic null distributions of SQT and EQT are simple and easy to use. The proposed estimation method is new and is itself of interest. In particular, the development of consistent estimators for the fourth moment is technically difficult.
When the null hypothesis that all variance components are zero is rejected, it is of interest to test whether some of the variance components are zero. We will investigate this problem in our future research. Another interesting future research topic is to extend the proposed quasi-score tests to the setting of generalize linear models.
The V ec function stacks column vectors of a matrix; ⊗ denotes the Kronecker operation of two matrices or vectors.X i is the submatrix ofX with rows from (n 1 + · · · + n i−1 + 1) to (n 1 + · · · + n i ); C (ij) denotes the (i, j) th element of a matrix C. Let
B =Ẫ c 12 +c 13 + {2c 13 − (c 11 −c 12 )}diag(Â) (c 11 −c 13 )(c 12 +c 13 ) − (c 13 − 1)tr(Â)I q (c 11 −c 13 ){c 11 −c 13 + q(c 13 − 1)} ; (A.2)
Let E n i (l 1 , l 2 ) be an n i × n i matrix with the (l 1 , l 2 ) th element 1 and others 0. Take
where I n i is the n i × n i identity matrix. Let
whered l is the l th column vector ofD 1 , l = 1, . . . , q. Define (ii) There exist a q 2 × q 2 non-negative definite matrix Σ zz , a q 4 × q 4 positive definite matrix J 00 and a q 4 -dimensional vector J 20 such that lim n→∞Σzz = Σ zz , lim n→∞ J 0 = J 00 , lim n→∞ J 2 = J 20 , and V ec T (Σ zz ) J −1 00 J 20 < 1. C.7 There exist positive constants c 11 , c 12 , and c 13 such that
C.8 There exist a δ > 0 such that the (4 + δ) th moments of both b i and ij are finite.
The condition on sample sizes in condition C.1 is reasonable since it is common in longitudinal studies that the number of subjects is large and the number of observations for each subject is limited. In addition, condition C.1 ensures that, as m → ∞, the number of distinct time points r → ∞ and r = O(n). Thus, under the condition C.1, n → ∞ indicates m → ∞ and the n i are bounded. Conditions C.2 and C.4 are standard. As far as M n and its limit M in C.3(i) are concerned, it is sufficient that
T ij )} converges to some non-negative definite matrix. This condition can be seen as a natural extension of the second part of Condition 3 in Zhu and Fung (2004) when the normal distribution assumption is removed. The assumptions in Condition C.3(ii) are similar to those of Crainiceanu et al. (2005) for LMM with only one unknown variance component. Condition C.5 was also assumed by Chiang, Rice, and Wu (2001) , and is similar to a condition in Eubank and Thomas (1993) and Zhu and Fung (2004) . Condition C.6(i) is a commonly used condition for fixed design points. When q = 1, Condition C.6(ii) reduces to
, which is always true as long as m < n. Condition C.7 is mild. As a special case, when Z T i Z i is the identity matrix, c 11 = c 12 = lim n→∞ n/m and c 13 = 0.
Note that, under the null hypothesis,
We show that, as n → ∞,
which implies that the third term and the fourth term in (C.1) converge to zero.
, and let δ (n) be the maximum eigenvalue of A 2 n . Note that under the null hypothesis, by Condition C3(i), Lemmas 2 and 4, n −1 tr(A
Condition C.5, Lemma 4, and the fact that tr(A na ) → 0 imply
Combining this with (C.2), we obtain trA n /
Proof of Theorem 1.
where Φ(·) is the standard normal distribution function. Thus the asymptotic property of T n under the null is verified. The asymptotic null distribution of T n0 can be proved similarly.
Proof of Theorem 2:
For notational simplicity, let Y n0 be Y under the null. Then, for any d-dimensional vector a,
where A n is defined in (C.1). According to the proof for Lemma 1, II 1 d → N(0, a T 0 Ma 0 ). Hence, we only need show that II 2 and II 3 converge in probability to zero and a T ω/2, respectively.
By condition C.8, C.3, and (C.2) in the proof for Lemma 1, we have
In addition, by Condition C.3 and Lemma 4, we have Therefore,
For II 2 , it is easy to see that
In fact, E(µ T A n Zb/ √ n) = 0. Lemma 4 and Condition C.5 imply
Hence, the first term of (C.11) converges to zero in probability. We now deal with the second term in (C.11). By Condition C.3(i), lim n→∞ n α 0 c n = k 0 , and (C.2) in the proof for Lemma 1,
Combining (C.9), (C.10), with (C.11) and Lemma 1, we have
By the same argument as in the proof of Theorem 1, the power property of T n is obtained.
The proof for the power property of T n0 is similar and is outlined below. From (C.1) in the proof for Lemma 1, Using the fact that D 1 = (Σ z ) −1/2 B(Σ z ) −1/2 and plugging in estimators of Σ z and B leads to the estimator (2.5).
